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ABSTRACT
A simple model to evaluate the solubility of sparingly soluble salts in aqueous electrolyte
solutions at various ionic strengths is presented. The calculations are based on a model presented
earlier by the author*, which calculates the mean activity coefficient using an extended
Debye-Hiickel formulation. Calculations were performed, in aqueous solutions at 25°C, for
various salts with concentration range between 0.10 m — 7.0 m. The calculated solubility and
the conditional solubility product constant were compared with experimental values reported in

literature. Good agreement is observed over a wide range of ionic strength.

* Corresponding author
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INTRODUCTION

Solubility is an important phenomenon that plays a significant role in determining the
physical and chemical properties of solutions. For sparingly soluble electrolytes, a dynamic
equilibrium exists for the solid in contact with its saturated solution. The solubility of a salt in an
electrolyte solution depends on many factors; among these, is the interaction between ions of the
electrolyte in the solution. At high concentrations, this interaction becomes extremely important
to the extent that it will determine the solubility of the salt in the solution. Unfortunately,
theoretical investigations of ionic interaction effect on solubility are scarce. The present study is
an attempt to contribute to our understanding in this area.

Experimental determination of solubility and solubility product has been widely
investigated by several researchers for a vast number of salts using various analytical and

physical methods'"’

. Employing a solvent extraction method using thenoyltrifluoroacetone
(TTA) and **’U, Fujiwara et al* determined the hydrolysis constants and solubility product of
UO,-xH,0. Values for the solubility product, the enthalpies of solution, and the formation
constants for silver halide complexes were listed and compared. Fujiwara ef al* measured the
solubility of PuO,-xH,0 at 25 °C in a NaClO4 solution containing Na,S,04 as a reductant. The
experiment was carried out by an over-saturation method at ionic strength I = 1.0 and by an
undersaturation method at [ = 0.5, 1.0 and 2.0. From the obtained results, the solubility product
constant of PuO,-xH,0, for PuO,-xH,0 =Puy” +40H + (x - 2)H,0 at I =0.5, 1.0 and 2.0 was
determined. The solubility and the solubility product of crystaline Ni(OH), was studied in
solutions of 0.01 M NaClO,4 with pH ranging from 7 to near 14 by Mattigod ez a/'’. There data,
in conjunction with Pitzer ion interaction parameters given in the literature, were used to model
the reported solubilities of Ni(OH), in chloride, sodium acetate, and potassium chloride

solutions. They found that the model predictions for these systems were in agreement with the
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experimental data from the literature. The solubility product constant of mercurous acetate at
various ionic strengths in aqueous medium was determined by de Moraes er al'’. The
conditionals and thermodynamic solubility products were determined in aqueous solution at
25 °C and ionic strength between 0.300 and 3.000 mol/L (NaCIO,). By emf measurements, free
energy of formation and solubility product constant of mercuric sulfide were determined by
Goates et al'.

Theoretical treatment of interaction between ions has been considered by several
investigators'**°. However, little emphasis has been given on theoretical modeling of the
solubility and solubility product constant. Theoretical models for the interpretation of properties
of strong electrolytes in dilute solutions have been based on the Debye-Hiickel (DH) law'®2’,
However, in the high concentration range of practical importance, ions cannot be treated as point
charges and their size in solution has to be considered. Little theoretical progress has been made
in this area. Furthermore, the available models for calculation of activity coefficients, and hence,
the solubility product constant, at high concentrations have many limitations® . Most of the
above models did not pay sufficient attention to the effect of ionic charge and size on the value
of the activity coefficient. In addition, these models tend to lack simplicity, use complex
mathematical approaches and need elaborate calculations. Abdel-Halim?’, introduced a simple,
easy to use and flexible model for the evaluation of activity coefficients. This model takes into
consideration the size, charge and concentration of ions.

In the present work, a simple model to calculate the solubility and the conditional
solubility product constant is presented. Calculations were performed for aqueous solutions of

various salts in different electrolytes, over a wide concentrations range, at 25°C. The model was

checked by comparing calculated values with experimental results. Good agreement is found



The model
The solubility of sparingly soluble salt, M, Xy, in aqueous solution can be presented by

the mass-action equilibrium equation, given by:

MpXqe) PMT ) + X" g (1)

Here, p and q represent the valancies of the cation, M, and the anion, X, in the salt, respectively.

The thermodynamic solubility product constant, Ky, for this salt is given by the expression
K, = a.a, 2)

where (a) is the activity, defined by the concentration of the ion in solution and its activity

coefficient, v, such that
at, =Ml 3)

a, =[x 4)
The solubility product constant for the salt is then given by

K, = o) [ f (5)
The solubility of the salt, s, is related to K, by the relation

K, = (pxs) (axs)' 77k (©6)
For the salt M, X, dissolved in an electrolytic solution, A,B,, electrical neutrality requires that

m|Z+| =n|Z-| , where Z and Z_ are the charges of cation (A"") and anion (B™"), respectively.

The mean activity coefficient, y., is given by

logy, = ! (plogy, +qlogy_+mlogy, +nlogy,) (7)
" (p+tg+m+n)

For a sparingly soluble salt M, X, with K, < 107", its contribution to the activity coefficient is

negligible. Therefore, the mean activity coefficient is given



logy, = (mlogy, +nlogy_) (8)

1
(m+n)
The solubility product constant is then given by

K, = (pxs) (gxs)' 7. ©)
The calculations of solubility for a salt in aqueous solution require knowledge of its activity

coefficient. Basic treatment of the activity coefficient is presented by the Debye-Hiickel Limiting

Law (DHLL). According to DHLL, the mean activity coefficient is given by
logy, =—Z,|2_|BJI (10)

where I is the ionic strength and B is a constant given by

63 2L 1/2
B= . (11)
2303x87 | &, &’ K T°

Here, L is Avogadro’s constant, k is Boltzmann’s constant, T is the temperature of the solution, e
is the electronic charge, € is the dielectric constant for the solvent and g, is the permittivity of
vacuum.
Using Eqn. (10) in Eqn. (9) in the calculations yields lower solubility values than those found
experimentally. Equation (10), which is known as the Debye-Hiickel Limiting Law (DHLL), is
adequate at low concentrations. However, at high concentrations, experimental observations
indicates that the value of log . is significantly less negative than predicted by Eqn. (10), and at
sufficiently high concentrations, it may actually attain positive values and large deviation from
experimental values is observed.

An important factor that accounts for the deviation from experimental observations is the
assumption that ions are point charges. Actually, ions occupy spaces and have definite sizes. The
centers of the ions can approach each other only to a distance (a); the distance of closest

approach. Also, the work needed to remove some solvent molecules from effective parking in the
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ionic solution's activity has to be considered. The work in this process must be added to the work
done in building up the ionic atmosphere.

Taking this into consideration, Abdel-Halim”’ introduced an empirical model to calculate
the activity coefficient. The model included correction factors which account for the distance of
closest approach and the work needed to remove the solvent molecules from the effective
parking of the ionic solution's activity. The model is proven to agree well with experimental

values, given by

logy, =-Z, |Z_|Bx/7;+CI—D\/7 (12)
- l1+(alr,)

where C and D are empirical parameters that depend on the nature of the ion, (a) is the distance

of closest approach, and r, is the thickness of the ionic atmosphere around ions, given by

kT 1/2
r, =(8"‘9 j (13)

2¢° L1
Equations (9) and (12) were used to calculate the solubility of sparingly soluble salts in

electrolytes solutions for various salts at 25 °C over a wide concentration range.

CALCULATIONS, RESULTS AND DISCUSSION

The solubility of several partially soluble salts in solutions of a large number of
electrolytes in aqueous medium were calculated at 25 °C. Calculations were performed in
electrolyte solutions of uni-, di-and trivalent cations halides. The parameters: a, C, and D in
Eqn. (12) have to be determined. They were determined following a previously published
method”’.

The distance of closest approach is calculate using the formula®’

1.10|Ar| Z,
a=r, +WXCFG (14)

c

where 1, is the sum of Pauling ionic radii of the cation and the anion, Ar is the difference in the



ionic radii of the ions, Z, is the charge of the cation, r is the radius of the cation and CFais a
correction factor that depends on the nature of the cation®’.

The parameters C and D for uni-, di-, and trivalent cations where calculated using the formulae®’:
1) Salts of univalent cations: Cgyt = Cnact X CF1

Dsalt = DNaCl x CF1

3 3
r. . -
where, CF1= (N—j (’"—J (15)
r rCl’

2) Salts of divalent cations: Cgy = C(MgCly) x CF2

Da = D(MgCly) x CF2

, 0.47 _ 2.3
where, CF2 =[ f; j (:—] (16)

Cl~

3) Salts of trivalent cations: Cgy; = C(AICI3) % CF3

Dqi = D(AICL;) x CF3

- XCF
where, CF3 = ( Aél J
r
r3+ —7‘3+
and XCF:H—I‘;{# (17)
r+ry,

Here, r+ and r- are the radii of cations and anion, respectively. Values of C and D for NaCl,

MgCl, and AICl; are reported27.

To make comparison with experimental data, the conditional solubility product constant, K A;p ,18
calculated from the thermodynamic equilibrium constant, K, using the relation

K, = Ml Xl r=k, (1g)

sp
Using Eqn. (9) and Eqns. (11) through (18), a FORTRAN computer program has been

prepared to evaluate the solubility and the conditional solubility product constant of the salt.
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Calculations were performed for a large number of salts in several electrolytes aqueous
solutions, with wide range of concentrations, at 25 °C. Table 1 shows results of calculations for
ten selected salts in five different electrolytes solutions.

To check for the validity of the model in predict solubility at a given ionic strength, a
comparison is made between calculated and experimental solubility values. Table 2 shows
experimental solubilities, for some salts reported in literature, along with the calculated values.
The agreement is extremely good for a wide range of ionic strength. For further check of the
validity of the model, the experimental values of the conditional solubility product constant for
mercurous acetate, a common salt extensively studied and reported in literature, are compared
with our calculated values. Table 3 shows a comparison between experimental and calculated
values at various ionic strengths. Taking this into consideration that the solubility product
constants are extremely difficult to obtain experimentally, because of the necessity to identify all
chemical species and processes present in the chemical system used to obtain their values. The
literature K, values, and hence solubility, may disagree widely, even by several orders of
magnitudes. Even though, the agreement is good and acceptable as shown in Table 3.

In summary, this new and simple model has been shown to be fairly effective in
calculating solubility and conditional solubility product constant for salt in electrolyte solutions.
A desktop calculator, or a simple computer program, can be used to perform the operations.
Though simple, the model has been demonstrated to be very accurate in predicting the solubility
and the solubility product for various salts over a wide concentration range of electrolyte

solutions.
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TABLE 1

Solubility and conditional solubility product constant K ;p (in parenthesis) of some sparingly soluble

salts in aqueous electrolytes solutions of various concentrations at 25°C.

AgCl
Molality, m
0.1 1.0 3.0 5.0 7.0
Electrol
LiCl 132x10% | 1.11x10% | 749x10% | 507x10" | 3.42x 10
(1.73x10" [ 1.22x10" | 5.61 x 10" | 2.57x 10" | (1.17 x 107"
NaCl 134x 10 | 1.28x10% | 1.16 x10™ | 1.05x 10" | 9.51 x 107
(1.78 x 107" | (1.63 x 107" | (1.34 x 10'%) | (1.10 x 107" | (9.05 x 107"
KCl 134x10% | 132x10% | 1.27x10% | 1.23x10% | 1.18 x 10
(1.79x 10" | (1.74 x 1079 | (1.62 x 107" | (1.51 x 107" | (1.40 x 10'°)
MgCl, 136 x 10" | 1.04x10% | 489x10" | 220x10" | 9.71 x 107"
(1.86 x 107'%) | (1.08 x 107" | (2.40 x 107" | (4.84 x 107'%) | (9.43 x 107"
AlCl; 134x10% | 816x10° | 232x10% | 326x10" | 1.68x 10"
(1.78 x 107'%) | (6.66 x 10" | (5.39 x 103 | (1.06 x 107") | (2.81 x 107'%
Hg2Clz
Molality, m
0.1 1.0 3.0 5.0 7.0
Electroly
LiCl 1.16 x 10 | 9.76 x 10" | 6.60x10"° | 447x10" | 3.02x 107"
(1.35x 10" | (9.52 x 10"%) | (4.36 x 10"%) | (2.00 x 107") | (9.12 x 10
NaCl 11810 | 1.13x 10 | 1.02x10% | 926x10"" | 839x 10"
(139 x 107" | (1.27 x 107'®) | (1.04 x 10"®) | (8.57 x 107") | (7.04 x 10°")
KCl 1.18x 10 | 1.16x10%” | 1.12x10™ | 1.08x 10" | 1.04 x 10"
(1.40 x 107" | (1.35 x 107" | (1.26 x 10"®) | (1.17 x 107"*) | (1.09 x 107'%)
MgCl, 120x 10 | 1.09x10% | 432x10"° | 1.94x10" | 856x 10"
(1.45x 107" | (1.18 x 107'®) | (1.86 x 10" | (3.77 x 102°) | (7.33 x 10*})
AlCl; 118 x 10 | 720x10" | 2.05x10" | 556x10"" | 1.48x 107"
(139 x 107" | (5.18 x 10"%) | (4.19 x 102%) | (3.09 x 102" | (2.19 x 107
MgCO3
Molality, m
Y 0.1 1.0 3.0 5.0 7.0
Electrolyt
LiCl 25610 | 215x 10 | 1.46x10°" | 9.84x 10 | 6.66 x 10"
(6.55 x 10°°%) | (4.62 x 10°) | (2.12 x 10°%) | (9.69 x 10°7) | (4.43 x 107"
NaCl 260x 10" | 248x 10" | 225x10% | 204x10" | 1.85x 10"
(6.74 x 10°%) | (6.17 x 10°%) | (5.07 x 10°%) | (4.16 x 107°%) | (3.42 x 1079
KCl 260x10% | 256x10% | 247x10% | 238x10% | 230x10"
(6.78 x 10°°%) | (6.56 x 10°%) | (6.11 x 10°%) | (5.69 x 10°%) | (5.29 x 107°%)
MgCl, 265x 10" | 202x10% | 951 x10™ | 428x10™ | 1.89x10™
(7.03 x 10°°%) | (4.10 x 10°%) | (9.05 x 10°7) | (1.83 x 10°7) | (3.56 x 10*)
AlCl; 260x10% | 159x10% | 451x10" | 1.22x10" | 326x107
(6.74 x 10°%) | (2.52 x 10°%) | (2.04 x 10°7) | (1.50 x 10**) | (1.06 x 10™*)
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Table 1, continued

Can
Molality, m
0.1 1.0 3.0 5.0 7.0
Electrolyt
LiCl 331x10% | 294x10% | 227x10% | 1.75x 10" | 1.35x 10"
(1.45x 10" | (1.02x 10" | (4.67x 10" | 2.14 x 10" | (9.77 x 107'%)
NaCl 334x10™ | 324%x10™ | 3.03x10™ | 2.84x10"™ | 2.66 x 10"
(149 x 10" | (1.36 x 10" | (1.12x 10" | (9.18 x 10"y | (7.54 x 107"
KCl 334x 10" | 331x10% | 323x10% | 3.15x10* | 3.08x 10"
(1.49x 10" | (1.45x 10" | (1.35x 10" | (1.25x 10" | (1.17 x 10719
MgCl, 339x10™ | 283x10™ | 1.71x10™ | 1.00x10™ | 581 x 10"
(1.55 x 10'%) | (9.03 x 10"y | (2.00 x 10" | (4.03 x 10"%) | (7.86 x 107"
AlCl; 334x 10" | 240x10% | 1.04x10" | 436x10” | 1.80x 107
(149 x 10" | (5.55x 10" | (4.49 x 103 | (3.31 x 107) | (2.34 x 107"
Pbl,
Molality, m
0.1 1.0 3.0 5.0 7.0
Electrolyt
LiCl 322x10™ | 287x10™ | 221x10™ | 1.70x 10 | 1.31x 10"
(134 x 10" | (9.45 x 10" | (433 x 10" | (1.98 x 107" | (9.05 x 107
NaCl 325x 10" | 316 x10% | 296 x 10" | 277 x 10" | 2.59 x 107
(138 x 107" | (1.26 x 107'%) | (1.04 x 10" | (8.51 x 10" | (6.99 x 10™'")
KCl 326x 10 | 322x10™ | 3.15x10™ | 3.07x10™ | 3.00x 10"
(139 x 10" | (1.34 x 10" | (1.25x 10" | (1.16 x 10" | (1.08 x 10™'*)
MgCl, 330x 10 | 276 x 10™ | 1.67x10™ | 978 x 10" | 5.67x 10"
(144 x 10" | (837 x 10" | (1.85x 10" | (3.74 x 10'%) | (7.28 x 107"
AlCl; 325x10™ | 234%x10™ | 1.01x10™ [425 x 10| 1.76 x 107"
(138 x 10" | (5.15x 10" | (4.17x 10 | (3.07 x 107%) | (2.17 x 107"
Mg(OH),
Molality, m
0.1 1.0 3.0 5.0 7.0
Electrolyt
LiCl 1.11x10" | 984%x10% | 75810 | 584x10" | 450x 10"
(5.40 x 10" | (3.81 x 107" | (1.75 x 107'%) | (7.98 x 107°) | (3.65 x 10"
NaCl 1.12x 10 | 1.08x10™ | 1.01x10™ | 950x10™ | 8.89x 10"
(5.55x 10'%) | (5.08 x 10'%) | (4.17 x 10%) | (3.43 x 10%) | (2.81 x 107
KCl 1.12x10" | 1.11x10" | 1.08x10™ | 1.05x10" | 1.03x10™
(5.58 x 107'%) | (5.41 x 107'%) | (5.03 x 10'%) | (4.68 x 107'%) | (4.36 x 10
MgCl, 1.13x 10" | 945x10% | 571 x10% | 335x10" | 1.94x 10"
(5.79 x 10" | (3.37 x 10" | (7.45x 107°) | (1.51 x 107%) | (2.93 x 107"
AlCl; 1.12x10" | 8.03x10 | 347x10% | 146x10" | 6.02x10"
(5.55x 10" | (2.07 x 10'%) | (1.68 x 107°) | (1.24 x 10" | (8.74 x 107')
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Table 1, continued

Ag3PO4
Molality, m
0.1 1.0 3.0 5.0 7.0
Electrolyt
LiCl 422x10% | 3.87x10% | 3.18x10° | 2.62x10" | 2.15x 10
(8.58 x 107"y | (6.05x 10"y | (.77 x 107y | (1.27 x 107"7) | (5.80 x 10™"®)
NaCl 425x 10" | 416x10% | 396x10" | 3.77x10" | 3.59x 10"
(8.82x 1077y | (8.08 x 107y | (6.63 x 10'7) | (5.45x 107"y | (4.47 x 107"
KCl 426x10% | 422x10% | 415%x10% | 407x10% | 400x 107
(8.87 x 1077y | (8.59 x 107'7) | (8.00 x 1077y | (7.44 x 107"7) | (6.93 x 107"
MgCl, 430x 10 | 3.75x10% | 257x10% | 1.73x 10 | 1.15x 10"
(921 x 10"y | (536 x 1077y | (1.18 x 107'7) | (2.39 x 107"*) | (4.66 x 10™"*)
AlCl; 425x10% | 332x10% | 1.77x10% | 923x10 | 476 x10
(8.82x 10" | (3.30 x 10"y | (2.67 x 10"*) | (1.96 x 10") | (1.39 x 102)
BaSO,
Molality, m
Y 0.1 1.0 3.0 5.0 7.0
Electrolyt
LiCl 1.03x 107 | 8.65x107° | 585x10 | 3.96x 10 | 2.68x 107"
(1.06 x 10" | (7.48 x 10"y | (3.43 x 10" | (1.57 x 10" | (7.17 x 107
NaCl 1.04x10% | 999x10% | 9.06x10" | 821 x10" | 7.44x10"
(1.09 x 10" | (9.98 x 10" | (820 x 10" | (6.73 x 10" | (5.53 x 107"
KCl 1.05x 10 | 1.03x10% | 994x 10" | 95910 | 925x 107"
(1.10 x 107'%) | (1.06 x 10'%) | (9.88 x 10" | (9.20 x 10"y | (8.56 x 10™'")
MgCl, 1.07x10% | 814x10% | 383x10% | 1.72x10% | 7.59 x 107"
(1.14x 10" | (6.63 x 10" | (1.46 x 10" | (2.96 x 107'%) | (5.76 x 10°7)
AlCl; 1.04x 10 | 638x10% | 1.82x 10" | 493x10" | 1.31x10"
(1.09 x 10" | (4.07 x 10" | (3.30x 10%) | (2.43 x 107" | (1.72 x 107"
Hg,(C,H30,),
Molality, m
Y 0.1 1.0 3.0 5.0 7.0
Electrolyt
LiCl 1.96 x 10" | 1.65x 10" | 1.12x10" | 7.55x10 | 5.10x 10"
(3.85x 10" | 2.72x 10" | (1.25x 10" | (5.70 x 10" | (2.61 x 10™'")
NaCl 199x 10 | 191x10% | 1.73x10% | 1.56x10" | 1.42x10"
(3.96 x 10" | (3.63 x 10'%) | (2.98 x 10" | (2.45 x 10" | (2.01 x 107'%)
KCl 20010 | 1.96x10% | 1.90x10” | 1.83x10” | 1.76 x 10"
(3.99 x 10" | (3.86 x 10'%) | (3.59 x 10" | (3.34 x 10" | (3.11 x 107')
MgCl, 203x 10" | 1.55x10% | 730x 10 | 328x10"° | 1.45x10"
(414 x 10" | 241 x 10" | (532 x 10" | (1.08 x 10" | (2.10 x 107
AlCl; 199x10% | 122x10% | 3.46x10" | 939x10" | 2.50x 10"
(3.96 x 10" | (1.48 x 107'%) | (1.20 x 107" | (8.82 x 107"%) | (6.25 x 107"
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Table 1, continued

AngrO4
Molality, m
0.1 1.0 3.0 5.0 7.0
Electrolyt
LiCl 78410 | 69810 | 538x10" | 415x10" | 3.19x 10"
(1.93 x 10'%) | (1.36 x 107'%) | (6.23 x 107°) | (2.85 x 107"°) | (1.30 x 107"
NaCl 791x10% | 7.68x10% | 720x10% | 6.74x10" | 631 x10"
(1.98 x 10" | (1.81 x 10" | (1.49 x 10" | (1.22 x 107'%) | (1.01 x 107'%)
KCl 7.93x10% | 784x10% | 7.66x10" | 7.48x10" | 7.30x 10"
(1.99 x 107'%) | (1.93 x 107'%) | (1.80 x 107'%) | (1.67 x 107%) | (1.56 x 10™'?)
MgCl, 8.03x10” | 6,70 x 10 | 4.05x10" | 238x 10" | 1.38x 10"
(2.07 x 10" | (1.20 x 107"%) | (2.66 x 10"°) | (5.38 x 10"*) | (1.05 x 107"
AlCl; 791x10% | 570x10% | 247x10% | 1.03x10 | 427x10%
(1.98 x 107'%) | (7.40 x 107%) | (5.99 x 107" | (4.41 x 107"°) | (3.12 x 107')
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TABLE 2
Calculated and experimental (in parenthesis) values of solubilities for
salts in electrolyte solutions of various ionic strength. Experimental

data reference is shown in parenthesis under the salt.

Tonic strength
0.1 0.5 2.0
Salt

Zn(OH), 127 x 107

(ref. 28) (1.36 x 107%)
Th(OH), 4.15x 107"

(ref. 29) (4.19 x 109

LaF; 3.29x 107"

(ref. 30) (3.29 x 107
Hf(OH), 1.44 x 107"

(ref. 31) (1.44 x 107
Co(OH), 7.80 x 107

(ref. 32) (7.93 x 10°%)

ThO, 473 x10°™

(ref. 33) (4.74 x 107
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TABLE 3

Calculated and experimental'? (in parenthesis) conditional solubility

product constant, K, for mercurous acetate at various ionic

strengths.
Salt HgoAcs
Tonic strengt

oo | IRTRT
0.500 é:Si s }812)
0.700 é:gé ’ }8_12)
0.900 é:g; s }812)
1.200 é:gg ’ }8_12)
1.500 (322(7) s }812)
1.800 éZé ’ }8_12)
2.100 é:?j s }812)
2.400 ééj ’ }8_12)
2.700 é:‘l‘i s }812)
3.000 é:gé ’ }8_12)
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